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~1 THE REFRA CTION OF A PLAN E SHOCK WAVE AT AN
t AIR-WATER I NTERFACE

• INTRODUC~lON

The no rmal refraction at an air-water interface of a plane shock
wave incident through the air is investigated. The purposes of this
investigation are twofold:

a. To de fine under what conditions the tn-water shock front
and particle velocities and the changes in dens ity can
be predicted by acoustic theory ; and ,

b. To determine unde r what conditions the refracted pressure
can be calculated by treating the interface as a rigid
wall.

Jump Conditions Across A Shock

The j ump conditions across a shock express the conservation . of
mass , momentum , and energy in a control volume enclosing the shock.
From a refe rence frame moving wi th the shock , these conditions are
given by Ill

D aVa Ob”b (1.)
2

V ~a 
+ PaVa2 — ~ b + Pb Vb (i b)

Ca + 
~a/p~ 

+ Va
2
/
’2 — eb +

P
bIPb +v b

212 (Ic)

Here, the subscripts “a” and “b” re fer to ahead of and behind the
shock, respectively. The symbols p ,  P , e , and v denote , in order ,
the fluid density, pressure , specific internal energy, and relative
velocity with respect to the shock.

The former three of these quantities cannot vary independently
across the shock but are constrained to satisfy th. equation of state
of the fluid. For air , the perfect gas equation of state yield , the
relationship

e — P/(( v -l) p J (2)

where Y is the ratio of specific heats. For water , the constraint
is expressed by the Tait equation of state (21

(3*)

Here, ‘wo is the water density at atmospheric pressure F0, is is a
Note: Manuscript submitted Ssptsmb.r 30, 1977 .
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d imensionless constant , and B is a second constant defined by

B P  ~ 
(3b)

whe re C~ , is the speed of sound in water unde r a tmospheric conditions .

Mechanical Shock Conditions

Equation (1*) gives the condition

Va~~~~ Vb 
(4)

where the shock compressibility factor TI is defined by

— Pb ’~ a (5)

Upon substitution of equation (4), equation (Ib) yields

V’b — 
~~~~~~~ 

(y-l) (l/ 1~(fl -l)J  (6)
wher, the pressure jump factor y is given by

Y — 1’bI’E’a (7)

Equations (4) and (6) ar e known as the mechanical shock conditions
since they are independent of the fluid through which the shock is
propagating . Other usefu l relations obtained directly from thes. con-
dition. are

(Po/p~ )(y l) (111(11-1) 1 (8*)

(V a Vb)° (Pa/p a) (y-l) f ( 7~-1)/7 ~J 
(8b)

To proceed further , the thermodynamic properties of the medium
through which the shock is moving most be considered.

Solution For Air

Equation (Ic) , which expresses conservation of energy across the
shock , becomes, on utilizing the thermodynamic constraint defined by
quatton (2),

h’/(~ 4)J (P a/p a) + V’./2 (v/(.rl) 1(Pb/pb ) + V ,/2 (9)

2
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V On substituting equations (6) and (8*) and dividing through by P~/p~
equat ion (9) yield .

- I—~--\ 
_Y_ + y- l 10(TI- ~ v- / TI 2 TI ( fl - l)

Some simple algebraic manipulation of this equation gives the relation
between the compressibility factor Ti and the pressure jump factor
y for an air shock as

TI (N-y)/ (l + My) (11.)

where

N — (v -l)/ (v + 1) ( l ib)

Solution for Water

For a water shock , the relation be tween 11 and y is obtained
directly from the Tait equation of state , equation (3a), as

1/n
— f (y  + ~)/ ( 1 + ~) J  (12a)

I . 

where

(12b)

Shock Refraction at an Air-Water Interface

The re f raction at an air-water interface of a plane shock wave
incident through the air is schematically illustrated in Figure 1.

Pro. Figure 1, the relative velocities of the fluids as seen from
the shocks can readily be ascertained . For the refracted water shock ,
these relative velocities are :

V —-U” (13*)

3
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V
b

u2
_ U ” (3.3b)

Hence ,

U” ——v i (14*)

u2 v5 — v b . 
(14b)

(~s substituting from equations (8) and noting that p~ — p
~~~~ and

— , the water shock and particle velocities are obtained as

1/2 (iSa)

U” — o’~wo~ ~ ~~

1/2

I IU2 — (P0/pm,) (y— i) 
~0’~—’~ 

/ TI j

where

• ~2fl o 
(16)

k 

• 

~~V

V 
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The water shock compressibility factor TIw is found from equation (12a)
as

i/n
Tiw ’u Pw2/ ow o _ [ 1 + n a ( Y - 1)] (17)

where

— P~/fl8 — l’o~’Pwo Cwo (18)

and where equation (l2b) has been used to obtain

B — B / P 0 - l • l/n~~~- 1  (19)

Similarly, for the incoming air shock , the shock f ront and particle
velocities are calculated f rom equations (8) and (lla) as

ii½
U — (P~,/p~ ,) [ (x4$4)/( 1_M)] (20a)

uj  — (x-1) (Po/p ao) {
1_ M 1 x  + H)] 

~ ½ (20b)

where
X — P1/P0 (2 1)

For the ref racted air shock , the relative velocities with respect
to the shock are seen , from Figure 1, to be

v 3 u 1 - U ’ (22*)

V b U 2 - U~ (22b)

Hence ,

v
.

_
b — U1 - U

2 
(23)

where u1 and u2 are given by equations (20b) and (l5b) , respectively.
However, from equation. (8b) and (ila) , V - Vb can also be written as

V - V~ — (z-l) (Pu pa 1) [(1-M /(s-.~.o} ~ (24.)

V where

S — — (P2 1P0) I (P 1/P 0) y Ix (24b)

Equation (23) than becomes, on subst ituting the appropriate expressions ,

S

-



½ ½ ½ ½ ½ ½
(z-l)j .....!i \ ( i l i\  (x-l) I !n_ \ 11n\ - I !~._\ 

(y-l) (
~~~\ (25)

\oa u J \ z +MJ \ oao J ~x*t J ~ owo~ ‘ Th’ /

where V~ is given by equat ion (17). Upon mul t ip lying through by
( pao/Po ) ½ substituting z’uy/x, and noting from equation (11*)
that

)al/Pao — CM + x) / (1 + )~~) (26)

equation (25) yields
(y-x) [(l-M)(i4Mx) 1 ¾_ (X_ l~ (l—M) - ~~~~ (,_l) ½ 1~!.! ~ 27L(Y4~~

) (M9~t) J II + x / k °”° 1 \ TI” / ‘ ~
The solution of equation (27) gives the refracted pressure ratio
y ( ‘P 2/P0) in terms of the incoming pressure ratio x( ’P1/P0) .

Compa rison Between The In-Water Shock Waves Obtained From Exact
Shock And Acoustic Theories

The process of shock refrac tion produces at the water surface a
step change in pressure with a magnitude given by P2 - P0 — P0 (y-l).The response of the water , treated as a linear acoustic medium, to
this step change in su rface p ressure is well known (3J. Retaining the
previous notation and denoting values predicted by acoustic theory
with a superscript “*“, the propagation velocity U”* of the step (shock
front) into the water is given by

— C~jo (28)

Behind th is fron t , the water particle velocity u~r and the water den-
sity p*w2 are found , respectively, as

U 2  — (Po/pwo C.,,~,,) (y4) 
(29)

and

Pwo — 1 + a’(y-l) (30)

with a defined by equation (18) .
V The exact shock and linear acoustic predictions of the water res-
ponse to the refracted pressure wave can b. compared by forming
the ratios U”/U”*, U2/14, and p~~ /p~~ w2 . From equations (15),
(17), (28), (29), and (30), these ratios are determined as

• 
~~~~ :Q;~?~n _  1 (31a)

U21U*2 — ~ ~~~ (31b)

6
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2I”~~12 — ~~ + ~ 
I/n 

(31c)
W I + Q

where

Q — (y-l) (31d)

The above ratios are plotted Ln Figure 2 as a function of the re-
fracted pressure ratio y - P2/P0. In obtaining these curves, ~alues
of
2
n 7.15 (ref. 121) an~ ~ — 4.5 x I0~~ (P0 — 1.013 x 10 dynes/

Cm , V~~WC~ 
— 1.0 gm/cm . Cwo — 1.5 x ~~ cm/eec) were used. For

refracted pressures up to 1200 atmospheres , Figure 2 shows that the
in-water shock front and particle velocities calculated by exact shock
theory differ by les, than 107. from the in-water shock front and
particle velocities predicted by acoustic theory. Figure 2 also shows
that the changes in density predicted by exact shock and acoustic
theories differ by less than 17. for refrac ted pressures up to 1200
atmospheres.

Comparison Between the Refracted Pressure and the Pressure Reflected
From a Rigid Wall

For an incoming shock of strength x P j/P0 (see Figure 1~ , the
pressure 

~2R 
reflected from a rigid wall is given by (11.

YR 
~2R~~o 

— x ((l+2M) x-tlJ/ (l+thc) (32)

For the same incoming shock strength , the pressure P2 refracted at the
air-water interface is found as the solution of equation (27).

To compare he refracted pressure to the pressure reflected at a
rigid wall , the ratio P2/P2g is formed. This ratio is plotted in
Figure 3 as a function of the reflected shock strength 

~2R’~o~ 
(The

numbers in parenthese below the abscissa correspond to the incoming
shock strength P1/P required to yield the refla ted shock strength
P2R/Po.) in obtain?n8 this cqrve , values of M’l/b (~~•l.4) and

~ao 
— 1.2 x l0~~ gin/cm~ were used. Figure 3 clearly shows that

the ratio of the pressure refracted at an air-water interface to the
pressure reflected from a rigid wall remains above 967. for reflected
pressure up to 1200 atmospheres (incoming pressure up to 156 atmos-
pheres).

i 1
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CONCLUS IONS

In—water shock front velocity U, particle velocity u and density
p can be pred icted by acoustic theory up to 1200 atm with a maximum
error of IOZ at the high pressures.

The refracted pressure can be calculated by treating the surface 
V

as a rigid wall up to 1200 atm with maximum error of 42 at 1200 

atm.8
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Fig. 1 — Schematic illustration of the refraction of a plane shock
at an air.water interface. The symbols U and u denote, iespective
ly, the shock front and particle velocities with respect to a fixed
frame.

10

V _________________________________________________ ______4- 
—



~l0G

1 015

b O G  -j

P0C C . -.

0 925 ~~~~~~~ 
-

• ~~~~~~~~~~~~~~~~~ ~

0 900 — 4 1 2 4 1

• L 
_ _ _ _ _ _ _ _

0.91(5

O IIOC, 4 4 4 4 4

0.2 03 04 05 01 0 1  OS 09 10  I I  2

Fig. 2 — Comparison of exact shock (this peer) to acoustic theory
for water uhockwuve velocity U ’ particle velocity u2 and water den.
shy p 2 .  The ~ denote. acoustic values. Comparative values are
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P~~ as a function of the reflected shock
strength Pm/P0.

1, ;

12

I

~ 

~~~~~~~~~~~~~~~~ ~~~~~~~~~ V 
V V 

V 
-
. — — —— —.3- - *


